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Abstract. We introduce the concept of a conical zeta value as a geometric generalization of a 
multiple zeta value in the context of convex cones. The quasi-shuffle and shuffle relations of 
multiple zeta values are generalized to open cone subdivision and closed cone subdivision relations 
respectively for conical zeta values. In order to achieve the closed cone subdivision relation, we 
also interpret linear relations among fractions as subdivisions of decorated closed cones. As a 
generalization of the double shuffle relation of multiple zeta values, we give the double subdivision 
relation of conical zeta values and formulate the extended double subdivision relation conjecture 
for conical zeta values. 
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1. Introduction 

1.1. Multiple zeta values and conical zeta values. Multiple zeta values (MZVs) are special 
values of the multi-variable analytic function 



n\>— >nfc>0 1 K 
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at integers s\ > 2, Si > 1, 1 < i < k. Their study in the two variable case goes back to Goldbach 
and Euler. The general concept was introduced in the early 1990s, leading to developments in 
both mathematics [jT7|, |25j], where MZVs conjecturally span (periods of) mixed Tate motives, and 
physics [Q], where MZVs mysteriously appeared in Feynman integral computations. Since then 
the subject has been studied intensively with interactions to a broad range of areas, including 
arithmetic geometry, combinatorics, number theory, knot theory, Hopf algebra, quantum field 
theory and mirror symmetry 

MZVs have several generalizations, such as Hurwitz multiple zeta values and multiple poly- 
logarithms. In this paper we give a geometric generalization of MZVs in the context of convex 

r 

cones. For an open convex cones C = ^ R>ov, spanned by vectors v ; - e Z| , 1 < i < r, we define 

(=i 

the conical zeta function associated with C by 

((C; s u ■ ■ ■ , s k ) := V] — — — ¥ , s t e C, 1 < i < k, 

, n i " n k 

(m,-,»*)eCnZ* 

where it converges and define a conical zeta value to be the value of the function at nonnegative 
integer arguments. Such values contain MZVs as special cases when the cones are taken to be 
Chen cones {x\ > ■ ■ ■ > xu > 0}. 

1,2. Double shuffle and double subdivision relations. A major goal in the study of MZVs is 
to determine all algebraic relations among the MZVs. According to the Double Shuffle Conjec- 



ture Qlq , |18Q , all such relations come from the shuffle and quasi-shufffe relations (the extended 



double shuffle relation) that encode products of MZVs from their summation and integration rep- 



resentations [|20|]. In this spirit, we generalize the double shuffle relation of MZVs to conical zeta 
values as subdivisions of open and closed cones. 

The double shuffle relation can be summarized in the following commutative diagram that we 
will generalize to conical zeta values. 

(2) (ft;, *) < CK™ , in) 





Here 

(a) CNTq := Q 1 © z S] ■ ■ -z Sk is the quasi-shuffle algebra [ [131 ] with the quasi-shuffle 

si,-,s k >\,si>2,k>\ 

product *, encoding the MZVs by the algebra homomorphism 

C ■ 'K -» QMZV, z Sl ■ ■ ■ z Sk ((su s k ); 

(b) CK™ := Q 1 © Xo 1_1 xi • • • x s k ~ l xi is the shuffle algebra with the shuffle product 

si,- ,Sk>l,si>2,k>l 

in, encoding the MZVs by the algebra homomorphism 

( m : IK™ -> QMZV, x^xr ■ ■ ■ xj~ x x { 

and 

(c) 77 : CK™ —> "Kq, x S q~ 1 x\ • • • Xq~ 1 x\ — > z Sl • • • z Sk , is the obvious linear bijection. 

The Double Shuffle Conjecture states that the kernel of (* is the ideal of "K\ generated by the set 

{wi * w 2 - rf l {r](w\)mri(w2)), \ w\ e {zi) U CKo,w 2 e "K* Q }. 



CONICAL ZETA VALUES AND THEIR DOUBLE SUBDIVISION RELATIONS 



3 



The quasi-shuffle (stuffle) encoding of MZVs follows directly from the definition of MZVs. 
This is generalized to CZVs as open cone subdivisions. 

The shuffle encoding £ m is less direct. It is derived by the integral representation of MZVs [ |20| ] 
or, alternatively, from the integral representation of the multiple zeta fractions [[IT]]. As shown 
there, the multiple zeta fractions 

(3) f[ ,1, ""**l:= jr, s h Ui> 1,1 <i<k 

on the one hand give multiple zeta values 

( 4 ) asu---, Sk )= Yl 

and on the other hand satisfy the shuffle relation. The shuffle relation of MZVs then follows by 
summing over the the w,-s. 

To generalize the shuffle relation of MZVs to CZVs, we interpret the shuffle relation of multiple 
zeta fractions geometrically, starting from the simple observation that relations among fractions 
such as 

1 1 1 



Ui(li\ + U 2 ) U 2 (U\+U 2 ) U\U 2 

are related to subdivisions of cones, here the cone X\ > 0, x 2 > is seen as a union of the cones 
x\ > x 2 > and x 2 > X\> 0. More generally, we interpret linear relations among simple fractions 
i.e., of the type 1 where L\, ■ • ■ , L k are linear independent linear forms, to subdivisions of 

simplicial cones. A differentiation procedure then further relates fractions n i , k with Sj e N, 

to what we call algebraic subdivisions of decorated cones obtained from differentiating geometric 
subdivisions of the underlying geometric cones. Such fractions arise as Laplace transforms: for 
example, if L, = u\ + • • • + u k , for si > 1, s 2 > 1, • • • , s k > 1, we observe that the multiple zeta 
fractions 

1 



ft' 1 '-'* 



u u ---,u k i L\ l L s 2 2 ■■■L s k k 



can be written as differentiated Laplace transforms on the closed cone X\ > ■ ■ ■ > x k > (see 



Proposition (4.8) for notations): 



ft' 1 '' 



> s ki _ d Sl ~ l d sitl 

• ; '* J (Si - l)\---(s k -l)\ L ' L * ' 

1 



( Sl -l)\---(s k -l)\ L ' L * 



d s T l ~ l ■ ■ ■ dX l I e~ E -=' xm dx\ ■ ■ ■ dx k . 



I xi>— >Xjt>0 

This is the starting point for our generalization of the double shuffle relation among zeta values 
associated with more general cones. Eventually we obtain a geometric interpretation of the com- 
mutative diagram in Eq. (]2|) and generalize it to a commutative diagram in Eq. ((3^) of double 
subdivision relation for CZVs. 



1 .3. Layout of the paper. After summarizing concepts and basic facts on convex cones, we give 
in Section [2| the definition of conical zeta values and their open subdivision relation as a general- 
ization of the stuffle (quasi-shuffle) relation of MZVs. In order to generalize the shuffle relation of 
MZVs to CZVs, we generalize the shuffle relation of multiple zeta fractions to a suitable relation 
for a much larger class of fractions derived from CZVs by means of a differentiation procedure 
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similar to the one described above in the case of MZVs. We achieve this in two steps. In Sec- 
tion [|, we relate via a bijection closed cones modulo subdivisions to simple fractions. Thus linear 
relations among simple fractions are precisely those coming from subdivisions of closed simpli- 
cial cones. By means of the natural differential structure on fractions, in Section |] we infer from 
this bijection a one to one correspondence between decorated cones modulo subdivision and pure 
fractions. This correspondence between cones and fractions is applied in Section |5| to provide 
closed subdivision relations of CZVs when expressed as Shintani zeta values. In doing so, the 
shuffle product of multiple zeta fractions seen as decompositions of fractions with linear poles is 
reflected geometrically as subdivisions of the closed Chen cones. Combining the open and closed 
subdivision relations with the concept of cone pairs gives the double subdivision relation of CVZs 
that generalizes the double shuffle relation of MZVs. Finally it is shown that CVZs and Shintani 
zeta values span the same linear space. 

In this paper we shall not touch on divergent conical zeta values, which will be the subject of 
a forthcoming paper. Divergent MZVs, which in recent years have been studied in the algebraic 
framework of Connes and Kreimer [|7p inspired by the method of renormalization of quantum field 
theory, can be defined using several approaches such as [0, [12|, ^Tp. In this forthcoming paper, we 
construct a coalgebra structure on cones and as an application, we show that renormalization of 
conical zeta values recovers the local Euler-Maclaurin formula [TJ, [H]]. 



2. Convex cones and conical zeta values 

2.1. Polyhedral cones. We first collect basic notations and facts (mostly following ||] and $2J\\) 
on cones that will be used in this paper. Let K c R be a field and let k > be an integer. In 
practice K is usually the field Q of rational numbers. 

(a) A closed (polyhedral) cone (resp. An open (polyhedral) cone) in K k is the convex set 

(5) <Vl, • • • , V n ) C := K> Vi + • • • + K> v„, 

(resp. <vj , • • • , v n )° := ^> vi + ■ • ■ + K >0 v n ), v t e £> , 1 < i < n. 

(b) A cone is always taken to be a closed or open polyhedral cone. In particular, the term 
polyhedral will be omitted in this paper and we sometimes write (vi, • • • ,v„> when the 
closedness or the openness does not play any role. 

(c) For a cone C = (vi, ■ • ■ , v n ) in K k and a field L c R, let C(L) denote L> Vi + • • • + L> v„ if 
C is closed and L >0 Vi + • • • + L >0 v„ if C is open. 

(d) The set {vi, • • • , v n ) in the definition of a cone is called the generating set or the spanning 
set of the cone. The dimension of the ^-linear subspace generated by the cone is called 
its dimension. 

(e) A closed cone in K k can also be described as the intersection C\iH Uj of finitely many half 
spaces H u . = {x e K k \iii(x) > 0} defined by linear functionals w, with ^-coefficients on K k 
(see e.g. Theorem 1.3 in [|2~7l]). 

(f) Let G c k (K) (resp. G° k (K)) denote the set of closed (resp. open cones) in K k , k > 1. For 
k = we set CqC&O = {0} (resp. Cq(^) = {0}) by convention. The natural inclusions 
& k (K) G c k+1 (K) (resp. G° k (K) -> C£ +1 (iT)) induced by the natural inclusion K k -> K k+l , 
give rise to the direct limit set Q C (K) = lim G c k (K) (resp. G°(K) = lim e° k (K)). 

(g) A simplicial cone or a simplex cone is a cone spanned by linearly independent vectors. 

(h) A cone in is called a rational cone. Thus a rational cone is spanned by vectors in Q* 
(equivalently in Z k ). 
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(i) A smooth cone is a rational cone with a spanning set that is a part of a basis of Z* c R*. 

In this case, the spanning set is unique and is called the primary set of the cone, 
(j) A cone is called strongly convex if it does not contain any linear subspace. 
(k) A face of a closed cone <Vi, • ■ • , v n ) c in K k is a subset of the form <Vi, • • • , v n ) c n {u = 0}, 

where u : K k — > K is a linear function with ^-coefficients which is non-negative on 

(vi, • • • ,v„y. 

(1) A face of an open cone (vi, • • • , v n )° in K k is an open cone of the form (v,, , • • • , Vi r )°(K) 
where (v,-, , • • • , Vj r ) c (K) is a face of (vi, • • • , v„) c . 
(m) A face F of a cone C is again a cone and we write F < C. If F is a proper face of a cone C 
we write F < C. A 1 -dimensional face is called an edge. A codimension 1 face is called 
a facet. 

(n) For x = (xi, • ■ • ,xu) and y = (yi, • • • ,yt) in R*, let (x,y) denote the inner product x\y\ + 
• ■ • + x^. Through this inner product, M. k is identified with its own dual space (R*)*. 

2.2. Subdivision of cones. In this subsection, we recall some facts about subdivisions of poly- 
hedral cones. For the sake of completeness, we provide proofs for some of the results. 

Definition 2.1. (a) A subdivision of a closed cone C e G c k (K) is a set {Ci, , C, } c G c k (K) 
such that 

(i) c = uuq, 

(ii) C\ , • • • , C r have the same dimension as C and 

(iii) intersect along their faces i.e., C, n Cj is a face of both C, and Cj, 

(b) A subdivision of an open cone C is the set of the relative interiors of the closed cones in 

(6) [rfj^DijUh,--- ,i t }c{l,.-. ,r},l<t<r) 

where {D { , • • • ,D,} is a subdivision of the closure C of C. By convention, the relative 
interior of {0} is {0}. 

(c) A subdivision of a rational cone is called smooth if all the cones in the subdivision are 
smooth. 

Proposition 2.2. (a) Any cone in K n can be subdivided into strongly convex simplicial cones 
inK n . 

(b) Any strongly convex simplicial rational cone can be subdivided into smooth cones. 

Proof. @ By taking the intersections with coordinate orthants, we can assume that the cone is 
strongly convex. 

Now for a strongly convex cone C in K", we take its barycenter type subdivision built as 
follows. In the following we identify a point M in K" with the vector OM = v. For each face F of 
C, take a vector Vp e K n in the relative interior of F. Note that, since F(Q) □ F and F(Q) is dense 
in F(R), such a vector always exists. Let n = dim(C). If the cone C is open, then the open cones 
(v F , , • • • v F[ )° c C with F\ < • • • < F[, < I < n, are simplicial and intersect along their faces. If 
the cone C is closed, then the closed cones (v Fl , • • • , v Fn ) c with F\ < ••• < F n , are simplicial and 
intersect along their faces. Thus to prove that this gives a subdivision, we only need to prove that 
the union of these cones is C. 

First we prove this for a closed cone C. We proceed by induction on the dimension n of C. 
Since the case n = 1 is trivial, we assume that n>2. For any vector v in C, if v is a multiple of the 
vector vc chosen in the relative interior of C as above, then we have the conclusion. Otherwise 
the vectors v and v c span a 2-dimensional linear space V. Let K> v\ and K> V2 be the outmost 
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intersections. Then by convexity, (vi, v 2 ) is in C{K). By the choice of vi and Vz, {u\, U2) = V DC. 
Thus the intersection of V with the boundary of C are the two rays K> ui and K> u 2 . The vectors 
Vi, v 2 lie in some facets since the boundary of C is the union of its facets. Then v is a non- 
negative ^-linear combination of v c with one of the two vectors vi or v 2 , say Vi . By the induction 
hypothesis, Vi is in (v Fl , • • • , v Fn _ { ) c with F Vl < • • • < F Vn l where F V|i _, is a facet of C. Then v is in 
one of the simplicial subdivisions {v F l , ■ • ■ , v Fn _ { , vcY(K). 

For an open cone, the proof is similar. The only difference is that the intersection rays K >0 v\ 
and K >0 V2 may be in the interior of some lower dimensional faces of C. Let v be a positive K- 
linear combination of vc and vi as in the closed cone case. Then by the induction hypothesis, vi is 
in (vp-j , • • • , v Fr )° with F V] < ■ ■ ■ < F Vr and dim F Vr < n - 1. Thus v is in the simplicial subdivisions 
(v Fl ,--- ,v Fr ,v c )°. 

(@) See the second exercise on page 48 of [§]. □ 

Lemma 2.3. (a) For a family of closed cones {C, } in 1 < i < m, that span the same linear 
subspace of K", there is a simplicial subdivision {Q 7 } in K k ofC { such that any two ofCij 
either coincide or only intersect along their faces. 
(b) For a family of rational closed cones {C ; }, 1 < i < m, that span the same linear subspace 
ofQ", there is a smooth subdivision {C,y} of C\ such that every two ofQj either coincide 
or only intersect along their faces. 

Proof. @ Each closed cone C, can be written as an intersection of half hyperplanes H u i ,j = 

Si 

Ci = f]H u ,,l <i<m. 

7=1 

Denote 

S :={(i,j)\l <i<m, 1 < j < s t }, 

and 

F := {v : S -» {1,-1} | 3i ,v(i J) = l,Vj}. 
Each element v e F defines a set 

m Si 

'•=i /=i 

which is a cone though it may be trivial. 
For each 1 < io < m, consider the set 

Fj Q := {v 6 F | v(z'o, j) = 1 for all j and dimC y = n}. 

Then C, = UyeF, Cy- Further for v,//e U^F,-, we have 

c,nc v = p| ^n^= ( p| fl^jPlf D 14 = °} 

We note that the faces of a closed cone C := n k [=l H Uf axe of the form (f\ 6 £' H U{ )n (f) {eK „ {u t = 0}) 
for a partition K' U ^T" = [k]. Thus n C v is a face of both C y and C M . 

Therefore, for 1 < i < m, the set {C v | v e F,-} is a subdivision of C ( - and any two p, v e n* 1 F,-, 
and C v either coincide or only intersect along their faces. By subdividing each C v , v e U^jF; 
into simplicial cones applying Proposition |2.2|.(|a[), we obtain the simplicial subdivisions of Q in 
the proposition. 
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(0) Taking K = Q in Item (§|), and applying Proposition [2~2[(|bl) to further subdivide each C, y there 
into smooth cones, we achieve the desired subdivision. □ 

2.3. Conical zeta values and open subdivision relations. We now introduce our main concept 
of study in this paper. 

Definition 2.4. Let C be an open cone in R| and let seC k . Define the conical zeta function by 

(V) <T(C;5)= £ 1 

{n l ,-,n k )eCnZ k 1 * 

if the sum converges. Here we have used the convention that 0* = 1 for any 5. 

Note that with this convention, the definition of £(C; s) does not depend on the integer k such 
that C c R* and 5 6 C k . Thus we can use £(C; 5) without referring to k. When si, • • ■ , s k are 
taken to be integers, we call £(C; 5) a conical zeta value (CZV). Sometimes we use the name 
open conical zeta value also. Let QZV° denote the set of convergent conical zeta values. Define 
the space QGZV to be the space of convergent conical zeta values over Q. 

Lemma 2.5. Let C be an open cone in R| . For seZ n with s, > 2, £(C; s) is convergent. 

Proof. Let C be the first coordinate orthant R" . Then 

k 

i=l 

and hence is convergent if 5, > 2 for 1 < i < n. Then the statement holds for any open cone 
C c R'l since £(C; s) < £(Zl ; s). □ 

An (open or closed) Chen cone of dimension k is a (open or closed) cone C kt(T spanned by the 

vectors {e^i), e^i) + e^), • • ■ , eo-(i) H + eo-(k)} where {e\, ■ ■ ■ , e n } is the standard basis of IT and 

cr 6 5„, S n is the symmetric group on {1, • • • ,n}. Let C k denote the standard (open or closed) 
Chen cone spanned by ej + e 2 > ■ • ■ > ^1 + • • • + e k }. 

Proposition 2.6. For any open Chen cone C k ^, k > 1 , cr 6 S „, we have 

£(Ck,cr', Si, ■ ■ ■ ,S„) = £(So-(l), ' ' ' , %)), 

where the right hand side is the multiple zeta value. 

Therefore the space QM2.V spanned by MZVs over Q is a subspace of QQZV . 
Proof. An element of Ck, a n Z" is of the form 

a^a-d) + a 2 (e cr( i ) + g^ 2) ) + • • • + a^e^ + ■■■ + e^) 
=(a x + ■ ■ ■ + a k )eo- (l) + (a 2 + ■ ■ ■ + a^e^ + ■■■ + a k e a(k) , 
where a t e (0, 00), I < i < k. Hence 

£(C Ko .;S U --- ,S n ) = ■ ■ — — s^j = C( s oil), ' ■ ■ , Saik))- 

□ 

From the definition of CZVs, we derive the following lemma. 
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Lemma 2.7. Let {C,},- be a family of open cones that form a subdivision of an open cone C, then 

(8) = Y,m;& 

i 

This is called an open subdivision relation ofCZVs. 

We next show that open subdivision relations of open Chen cones recover the quasi-shuffle 
relations of MZVs. First recall the quasi-shuffle encoding of MZVs. Define 

(9) KS:=Q1© z Sl ---z Sk , 

si,~ ,s k >l,si>2,k>l 

with the quasi-shuffle product * which is defined recursively but can also be defined by the stuffle 
product as follows. Define 

<p : [k] —> [m], if/ : [£] — > [m] are order preserving, 
injective and im(^) U im(i/0 = [m] 



and tp~ l (i) = when ip~ l (i) = 0. Then 



( 10 ) z Sl ■ ■ ■ z Sk * z Sk+l ■ ■ ■ z Sk+e = 

(<p,>fr)eS t u 



7 ' ' ' 7 

S V ~ 1 ( 1) + S k+i//- 1 ( 1 ) V" 1 (m) + S k+i/r- 1 (m) ' 



Then the quasi-shuffle encoding of MZVs is given by the algebra homomorphism 

C : -» QMZV, Zjl • • • z Sk » &s u • • • , s k ), 

namely, 

£(su ■•• , s k X(s k+l , ■■■ , s k+f ) = C(z Sl ■ ■ -z Sk * z Sk+l • • -z Sk+( ). 
We likewise give an open cone encoding of CZVs. 

Definition 2.8. (a) Let T>Q" be the set of decorated open cones consisting of pairs (C; s) 
where C c Q| () is an open rational cone and je Z| . 

(b) Let {Ci}i be an open subdivision of C. Then we also call {(C,; s)}i an open subdivision of 
(C; s) and denote it by 

i 

(c) Denote DCq for the subset of VG" such that £(C; s) is convergent. 

(d) Define the linear map 

(1 1) C : QT>G° -> QGZV°, (C; s) i-> £(C; s). 

(e) Let T»e^£° (resp. DC^) denote the subset of DQ° of decorated cones (C, s) with under- 
lying cone C an open Chen cone (resp. that give convergent CZVs). 

By definition, £°(C; s) = £(C; s). Thus the two notations will be used interchangably; the 
notation £°(C; s) will be used to stress the map £ c '. 
Then we have the bijection 

-> QDCJC;;, Zil • • • z Sk >-> • • • , e 1 + ■ ■ ■ + e k )°; s u ■ ■ ■ , s k ), 

completing the following commutative diagram of linear maps. 
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(12) M* & ^Q2?e:Ko c QT>e° 

c c 
qmza^ qezv° 

In this context, we obtain the following 

Theorem 2.9. (a) The quasi-shuffle product in Eq. ( fi6j ) corresponds to the open subdivision 

(13) (<?i, • ■• ,e\ + ••• + e k ,e k+u ■ ■ ■ ,e k+l + ■■■ + e k+e )° 

= j | (<V"1(1) + e /t+i/r-Hl)' ' ' ' ' + e k+i/r 1 (l) + • • • + e v -i(m) + ^k+i/rHm)) - 

{<p,ifr)eS t k j 

in the sense that the composition in the top ofEq. ( |72| ) sends the right hand side ofEq. ( |76| ) 
to the right hand side ofEq. (]73|). 
(b) 77ze quasi-shuffle product ofMZVs: 

fOl, • • • , • • • , Sfc+f) = £*(z„ • • -Zjfc * • • • Zs k+e ) 

coincides with the subdivision of CZVs: 

C\(eu ■ ■ ■ ,ei + • ■ • + e k , e k+1 , ■■■ , e k +i + ■■■ + e M )°\ Su ■ ■ ■ , s k , s k +u ■■■ , s k+e ) 
= C(( e tp- l {V) + ek+>f/- l (i)> " ' " ' e <p~'(i) + e k+i/r 1 (i) + • • • + e^-iQn) + e k+ ^-i ( k -))° ; S\, • • • , s m ). 

(ip,if/)eS t k ,t 

For example, the closed cone subdivision 

(ei , ei ) c = (e x , e x + e 2 ) c U (e 2 , e x + e 2 ) c 
by Chen cones gives the open cone subdivision 

((e u e 2 )°; s u s 2 ) = ((e 1 ,e 1 + e 2 )°\ s u s 2 ) u «e 2 , e x + e 2 )°\ s x , s 2 ) u ((gj + e 2 )°\ s u s 2 ) 
which recovers the quasi-shuffle relation 

Indeed we have 

fCSl)f(5 2 ) = r««l.C2>",Jl,*2) 

= + e 2 >°, s u s 2 ) + C({e 2 , e x + e 2 )°, s u s 2 ) + ?i(ei + e 2 )° , s u s 2 ) 

= £(s u s 2 ) + €(s 2 ,si) + £(si + s 2 ). 

3. Closed cones and simple fractions 

As noted in the introduction, we will establish a class of relations of CZVs that generalizes 
the shuffle relation of MZVs. Motivated by the approach of multiple zeta fractions outlined in 
the introduction, we first relate CZVs to a class of fractions and generalize the shuffle relation 
of multiple zeta fractions to this class of fractions. Our geometric approach of generalizing the 
shuffle relation consists in encoding all linear relations of these CZV fractions as subdivision 
relations of closed cones from the CZVs. Thus we now make a digression of our discussion of 
CZVs to relate closed cones with a family of rational functions, which we call simple fractions. 
Under this correspondence we show that linear relations among simple fractions have a natural 
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geometric interpretation as subdivisions of closed cones. This correspondence will be generalized 
to decorated cones in the next section. 

3.1. From closed cones to simple fractions. 

Definition 3.1. Let K be a subfield of R. Let z,, i > 1 be a countable set of variables and let 
z = (zdi>]_. A simple fraction with coefficients in K is a fraction of the form . 1 , , where 
L\, ■ ■ ■ ,L k G K[z\ are linearly independent linear functions. Let S(K) be the ^-linear subspace of 
the quotient field K(z) of K[z\ generated by simple fractions with coefficients in K. 

Let KQ C (K) denote the y?- vector space spanned by G C (K). We will define a natural map from 
KG C (K) to S(K). Lawrence in [jTjJ] (see also [Q]) constructed a similar map based on the valuation 
property. Our map generalizes Lawrence's map in so far as it takes non-zero values for lower 
dimensional cones in large dimensional spaces. 

Let C be a closed simplicial cone in K> with linearly independent generators vi, • ■ -Vk- Let 

n 

B(, 1 < i < n, be the standard basis of K n . For 1 < i < k, let v, = Yl a ji e p a ji 6 K. Define linear 

7=1 

n 

functions L, = L v . = a jiZj an d let A c = [a i; ] denote the associated matrix in M nxk (K) with v, as 

7=1 

column vectors. Let w(v\, ■ ■ ■ , Vk) or w(C) denote the sum of absolute values of the determinants 
of all minors of A c of rank k. Then define 

(i4) ®„(o : - W( ;--; V ' ) . 

This defines a map <D„ from the set G C (K) of closed simplicial cones in K> Q to S(^). 
Lemma 3.2. (a) Let C = (v\, ■ ■ ■ , v n ) c be a closed cone of rank n in K n , then 

O fl (C) = (-1)" / • • • / expOiZi + • • • + x n z n )dxi • • • dx n , 



where C(R) is the R> Q -linear span of C and z is any element in 

C- :={>W,c)<0,VceC(R)}. 

(b) Let C be a closed simplicial cone in K k and let {Ci, • • • , C r ) be a closed subdivision of C 

r 

into closed simplicial cones C\, ■ ■ ■ ,C r in K k . Then <J>„(C) = Y $>n(Ci). 

!=1 

Proof. @ Since C is strongly convex, C is a cone of rank n. With our notation, we have 

(vi,-- - ,v„) = (e u --- ,e n )A, (L u --- ,L n ) = (zi,--- ,z n )A. 
Any point Y x i e i m C can be uniquely expressed as Y yi v i through a change of variables 

(x u --- ,x n f =A(y u --- ,y n f- 

Thus we obtain 

exp(xizi + • • • + x n z n )dxi ■ • ■ dx n 



p+oo p+co 

= I •■• / exp ((zu--- ,Zi)A(y u --- ,y n f)\det(A)\dyi ■■■dy„ 
Jo Jo 
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p+oo p+oo 

= / •■• / exp((Li,--- ,L n )(yi,--- ,y n f)\de\(A)\dyi- ■ ■ dy n 
Jo Jo 

n poo 

= |det(A)|TT / e L - y -d yi 
,-=i Jo 
„ I det(A)| 

where L ; = (v,-, z) < for given z £ C~, 1 < i < n. 

(|b|) For a closed cone C of rank n in K n , let z e C~ be as given in Item (§). Then the proof follows 
from Item (||): 



«D„(C) = (-1)" y ■ • ■ J e XlZ[ ^ x " z "dx { ■ ■ ■ dx n 

= (~ 1 TJ2 /"' / eXm+ '" +X " Z " dx l--- dx n 
r 

i=l 

In general, we can extend a minimal generating set {vi, v 2 , • • • , v*} of a cone C of rank in 
K n to a basis {vi, • • ■ , vu, v^+i, • • • , v„} of AT". For a cone Z) in the linear space Kv\ © • • • © ATv*, 
let D denote the cone in K" generated by D and Vk+i,- * ■ ,v n . Then clearly {C,} is a simplicial 
subdivision in AT" of C. 

Let C, be generated by wf, ■■■ , wf with wf = J2"=i bfjv t and let M® = (fcg). Then 

A r = [A c Ac, = [A c ,|5], 
where (v t+ i, • • • , fc„) = Oi, • • • , e n )B, and 

M (0 
/ 



A Ci =A c M {i \ A Vi =Ac 



Since the cone C has rank n, we have <D„(C) = 0„(C,). That is, 



|det(Ac)| 



Am L v ,L v 



L v 



|det(A Ct )| 



Since det(Ac.) = det(Ac) det(M (0 ) and w(C,) = w(C)| det(M (0 )|, we reach the conclusion 



w(C) 

A>1 ' ' ' -^v* 



E 



i=l »-V wi J 



□ 



Now let C be a closed cone in K n and let C = {Ci, • • • , C r } be a subdivision of C into closed 
simplicial cones C\, • • ■ ,C r 'mK n . Define 



(15) 



0„(C) :=J2^n(Cd. 



i=i 



The value 0„(C) is well-defined because of the following lemma. 
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Lemma 3.3. For a closed cone C in K n , the value ®„(C) does not depend on the choice of the 
subdivision C = [C\, • • • , C r } of C into closed simplicial cones in K". 

Proof. Suppose C = {C[, • • • ,C' r ,} is another subdivision of C into closed simplicial cones in 
K n . Let C = {C", • • • , C",} be a common refinement of the two subdivisions, which exists by 
Lemma |23|.(|al). Then by Lemma |3T2|.(|rj|), we obtain 

r r" r' 

i=l k=l j=l 

as needed. □ 

Thus we can extend the map <D„ defined in Eq. ( |LiJ ) on the set of closed simplicial cones to a 
linear map 

r 

(16) O n : KG c n (K) -> §(K), ;1 (C) = ^ <D B (Q), 

i=i 

where {C,} is taken to be any simplicial subdivision of C. The linear maps <D„ on KG c n (K), n > 1, 
are compatible with the direct system {KQ c n (K)} n >i and can therefore be put together to build a 
linear map 

(17) O : KG C (K) := K(\J™ =i ei(K)) -> S(Z). 

Let We denote the subspace of KQ C (K) generated by the following two types of elements: 

(a) closed cones containing a linear ^-subspace, and 

(b) linear combinations C - Ym=\ Q where \Ci) is a subdivision in C c (^) of a closed cone 
C 6 G C (K). ^ 

Proposition 3.4. (a) If a closed cone C in K n contains a line I, then there exist a subspace 
L of C and a strongly convex closed cone C in lin^L; lin(C)) that give the direct sum 
C = L + C. Here \in ± (L; lin(C)) is the orthogonal complement of L in lin(C), both taken 
as K-vector spaces. 
(b) We have W e c ker O. 

Proof. @ First assume that the line £ is contained in a proper face of C. Let L be the maximal 
subspace L c C that contains £. Let C be the projection of C in lin^(L\ lin(C)). Then C = L + C. 
We know that C is strongly convex because L is the maximal subspace in C. 

Next assume that i is not contained in any proper face of C. A generator u of € gives rise to 
relative interior points u and -it of C. Thus the projections of CC\{v\(v,u) > 0} and Cn{v | (v, u) < 
0} in lin- L (^; lin(C)) both coincide with lin ± (^; lin(C)). Notice that lin ± (^; lin(C)) c C. Indeed, 
for any vector v e lin ± (^; lin(C)), there exist V 6 C and a e R>o such that v' = au + v. So 
v = a{-u) + v' e C by convexity. Therefore 

C 3 (R>ow + lin ± (^; lin(C))) U (R> (-m) + lin ± (Z; lin(C))) 

which implies that 

C = lin(iT) + lin ± (^; lin(C)) 
is a linear subspace, proving the claim. 

(§) Because of Lemma |3^2|.(|b|), we only need to prove that O(C) = if C contains a line. 
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First consider the case when C itself is a one-dimensional subspace. Let C = K> u U K> (-u). 

So 

(b(0 = + w ^~ u ^ = ^-L + ^-1 = o 
/ / T -J 

Next consider the case when C is a non-zero linear space. Take any basis {vi, • • ■ , v^} of C. The 
family of cones {C slE2 ... Sk := (siV\,s 2 v 2 , • • • , SkVkY = ±1} provides a simplicial subdivision of 
C and 

w(SiVi,S 2 V 2 , ■ ■ ■ ,SkVk) = w(v u v 2 , ■ ■ ■ ,v k ). 

Thus 



O(C) = ^ C ^s 2 -s k ) 



£ ,=± \,\<i<k 



E wjSjVi,--- ,S k V k ) 
J . . . T 

s t =±\,\<i<k £1V1 £kV « 

= w(v u --- ,v k )J2 (t + T~) 

V"^ 1 1 

= w(vi,-- - ,v k ) } ^(- — ) 

l<*<<t JLy ' JLV ' 

= 0. 

Finally consider the case when C is a cone that contains a line. By Proposition we 
have C = L + C where L is a linear subspace and C is a strongly convex cone. Given a basis 
{vi, ■ • • , v k } of L, the set [C SuS% ... tBk := (eiVi, e 2 V2, ■ ■ • , SkVkY + C \sj = ±1} provides a subdivision 
of C. As in the case of a linear subspace, we have on the one hand 

w(C £uE2 ,-, £k ) = w(C Wj ...,i), 

and on the other hand 

0(C_ 1 , £2 ,.., £ J = -0(C 1 , £2 ,.., £ J. 

Consequently 

,e 2 ,-,£*) + ^(C-l,^,-,^) — 0. 



61,62,— ,«3fc S2,-,£k 



□ 



3.2. Subdivisions of cones and simple fractions. We next show that all relations among simple 
fractions are determined by those coming from subdivisions of the corresponding cones. As a 
preparation, we give some properties of cones and fractions . 

Lemma 3.5. Let {C,} be a set of closed cones in K'l Q that span the same linear subspace ofK' 1 and 
meet with each other only along faces. Then the set {0(C,)} of fractions is linearly independent. 

Proof. We proceed by induction on the dimension of the closed cones C, . If the dimension is 1, 
then the set {C,} can contain only one element (v) c where v is a nonzero vector. Thus, <B(C,) is a 
nonzero multiple of 1 /L where L is a nonzero linear form and the lemma is proved. 

Assume that the lemma has been proved when the dimension of C, is k > 1 and consider a 
set {C,} of closed cones with dimension k + 1 that satisfy the conditions in the lemma. Suppose 
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{<D(C,)}i is a linearly dependent family. Taking a subset of {<D(C,)} ( if necessary, we can assume 
that there are nonzero a, e K, 1 < i < r, such that 

r 

/:=J]fl i <D(C i ) = 0. 

Since U[ =1 C, is contained in K" and hence has a topological boundary, we can also assume 
that Ci = (vi, • • • , v k ) c contains part of the boundary of U- =1 C,-. Then one of its facets, say the one 

r 

spanned by v 2 , • • • , v#, is not contained in any other cone. We can therefore rewrite f = Yl c i®(Ci) 
as 

r 

L\ • • • Lk L,i • • • Lik 

i=2 

such that L 2 - ■ ■ Lk \ L n ■ ■ ■ 2 < i < r. Since all the C,s span the same linear space, for each 
2 < i < r, we have L x = c U^ij so mat 

Li c u 



E 

7=1 



Ln ' • ' L t k La ■ ■ • Lij 



where L, , means the term L, , is deleted. Thus from / = we deduce that 



k k 
a\ \- c 



ij 



Li - ■ Lk . =2 L,i • • • • • • La 

which is a linear combination of simple fractions of degree k - 1 . Since L 2 - ■ ■ L k does not di- 
vide any of the other forms, the coefficient of 1 /(L 2 • • • L k ) is ci\ which is not zero by assumption. 
Furthermore the cones corresponding to the fractions are faces of {C,} and hence meet each other 
along faces. Thus by the induction hypothesis, all the coefficients are zero, which is a contradic- 
tion. This proves Lemma P3[ □ 

Let K(z) = K({zi}i>i) be the field of fractions in the variables {z, 1 1 < i < oo} with coefficients 
in K. An element / 6 K{{zi\i>\) is called homogenous of degree k if f({tZi\) = t~ k f({zi}) for a 
nonzero scalar t. 

Lemma 3.6. Let f{z) e K(z) be of the form XXi fk(z), where fk is homogeneous of degree k. If 
f = 0, thenfk = 0,k> 1. 

Proof. For any given value zo '■= (zo,i, • • • , Zo, n , 1 • 1 ) of z, consider the substitutions zi = Zojt, where 
tis a nonzero scalar. Then we obtain f(z) = J2k fk(zo)t~ k so that every coefficient fk(zo) has to be 
0. Thus f k (z) = 0. ^ □ 

Lemma 3.7. (a) Let k > 1 be given. Let g,h e K(z) be linear combinations of simple fractions 
of homogeneous degree k such that the linear factors in g are in the linear span ofzi, ■ ■ ■ ,Zk 
only, while at least one linear factor in each simple fraction in h is not in the linear span 
ofzu ■■■ ,Zk- If g = h then g = h = 0. 
(b) Let f be in §>(K) and let L L be a simple fraction in f. Let G be the summand of f 
consisting of simple fractions whose linear factors are in the linear span ofL\,--- ,Lk. If 
f = 0, then G = 0. 
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Proof. @ Let 

at 

Ln ■ • • Lik 

Then for each 1 < i < r, at least one L ; y is not in the linear span of Z\, • • • ,Zk- For an positive 
integer n we set [n] = {!,••• ,n}. Let J c [r] x [A:] be the set of indices (i, _/') e [r] x [fc] such that 
Lij do not lie in the linear span of z\, ■ ■ ■ ,Zk- For (i, j) e J, we write 

1 - V + T" 

where L- ; - lies in the linear span of z\, ■ • ■ ,Zk and L'/j is a nonzero form in the linear span of 
Zk+i, ■ ■ ■ ,z n - Here n is the largest index such that z„ appears in L ;; . Thus the product EL y^y 1S a 
nonzero polynomial so that there is an evaluation zt = c ; , c, ■ e K, k + 1 < i < n, such that 

lij := L"j(c k+ i, ■■■ ,c n )±Q, (i, j) e J. 

Take the substitution Zi = xtf, 1 < i < k and Zi = c ; -, k + 1 < < n in g and where x, and ? 
are variables. On one hand we have g{x\t, • • • , x^f) = r*g(jci, ■ • • , Xk). So g has a pole at t = 
of order k unless g = 0. On the other hand, for (i, j) e 7, since L'{= is nonzero in for this 
substitution, 1 /Lij{x\t, • • • , xtf, Ck+i, ■ • ■ ,c n ) does not have a pole at t = 0. The order of ? = as 
pole of /j(jci?, • • • , Xkt, Ck+i, ■ • • , c„) is therefore at most k - 1. Hence we must have g = and 
A = 0. 

(|5]) Fix a simple fraction L * L in /. Let / = G + H, where G is the linear combinations of 
simple fractions whose linear forms are linear combinations of L\ , • • • , L k only, and H is the linear 
combination of simple fractions with at least one linear form that is not any linear combination of 

Mi'" 

Expand L\ , • • • , Lk to a basis L\ , • • • , L^, L^+i, • ■ • , L n of the linear subspace generated by the 
linear forms that appear in /. Expand L\, ■ • ■ ,L n further to a system {Lj}/>i of linear forms that 
form a basis of the linear span of fe}i>i. Then the linear map L, i-» zu \ < i < oo induces an 
algebraic automorphism on K(z). Under this automorphism, the element G (resp. H) above is 
sent to a g (resp. an -h) in the first part of the lemma . Thus f = means g = h. By the first part 
of the lemma, g = h = and hence G = H = 0. □ 

Definition 3.8. (a) Consider a fraction L "_ L , where a e Z and L { = Y^"=i a ^f-h " ' = 
a kjZj e Z[zJ. If vi := (a n , • • • , a Xn ), ■ ■ ■ , v k := (a kU - • ■ , a kn ) is part of a basis of Z", 
then the fraction is called a smooth simple fraction. The linear subspace of Q(z) spanned 
by the smooth simple fractions is denoted by S§m(Q)- 
(b) Let W$m denote the subspace of QMC C (Q) generated by the following two types of ele- 
ments: 

(a) smooth closed cones containing a linear Q-subspace, and 

(b) linear combinations C - Yl'i=i Q> where {C,} is a smooth subdivision of a closed 
smooth cone C. 

Lemma 3.9. We have S(Q) = §sm(QX where as before S(Q) stands for the space of simple 
fractions with rational coefficients. 

Proof. Let l/(Li • • ■ L k ) be a simple fraction in S(Q) with L,- = Yl"=i c uZj e QU\, ■ ■ ■ ,z n ]- Let 
Vi = Y^)=\ c U e j- Proposition |Z^|.(|5[), the rational cone (vi, * • • ,v k ) c admits a subdivision {C,} 
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consisting of smooth cones. By Proposition j34[(jbl), we have 

7 — —r~ = * (-f—^ r<vi, • • • ,v k A = ^ C <) 

L x ---L k \w(v u --- ,v k ) J *Y w(vi,--- , vjt) 

with a multiple of 0(C,) smooth, as needed. □ 

Thus the map O : QC C (Q) -> S(Q) in Eq. (jT5J) restricts to a map 

SM : QMC C '(Q) -> Ssm(Q). 

Theorem 3.10. Let We be defined as above Proposition p^ . Then ker <D = W e and ker O sm = 
Wsm- Thus we have linear bijections 

(18) O : ^(^) := *e c (tf)/W e = S(I) anJO SM : QMC^(Q) := QC C (Q)/W SM = S SM (Q). 



Proof. The surjectivity of the maps O and Osm follows from the definitions of S(Q) and S§m(Q) 
combined with Lemma By Proposition 0.(0), we have W e c ker O and W§ e c W e (Q) £ 
ker Osm- So we only need to prove kerO C We and ker Osm £ Wse- We first prove the first 
inclusion. 

Let Y^i=\ a iCi be in kerO. First, we can assume that UC, has boundary. This is because if UC ( 
is not the whole space, then it has a boundary. Otherwise, fix a point vo, for all cones {C'} c {C,} 
containing v as an interior point, then modulo subdivision therefore modulo We, we can assume 
that C'j simplicial. If Cj = <vi, • • • , v k ) c , then modulo W e , 

C'j ~ 2^<eivi,--- ,e k v k ) c , 

where 6, = +1 and the summation is taken over all possible t, except when all e, = 1. Now, vo is 
not an interior point of any resulting cones, so the union of resulting cones has a boundary. 
Then 

= f{t) := O r£ ai cA = * e R(z) 

as a linear combination of monic simple fractions 0(C,). We prove that Ym=i nes m by 
reducing this statement to Lemma [33] by means of the following reduction steps. 
By Lemma [3^, we may assume that f(z) is homogeneous of degree -k. 
By choosing a simple fraction L [_ L in / whose linear forms span a minimal linear subspace 



and then applying Lemma p77|.(it:comb), we may further assume that the linear forms of each 



simple fractions in / span the same linear subspace. 
Let L\ , • ■ • ,L k , L k+ \ , • • • ,L m be all the linear forms in /. Let 

[Cj\l<j<€] 

be the set of cones corresponding to the simple fractions in /, that is, 

/ = 5>0(C 7 ). 

7=1 

On the grounds of our assumptions on the simple fractions, we conclude that the C/s span the 
same linear subspace of W. 
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Choose the simplicial subdivision {C, 7 } of Q, 1 < i < r, as in Lemma |23|.(p|). Then 

r 

^2 a i C i ~ ^2 aiCi J 
i'=l ij 

lies in We and we can write 

where Z) f are distinct simplicial cones that meet only at faces. Since 

= 7 = ° (? a v = ° = ? bMD{) ' 

by Lemma |33|, all the coefficients be are zero. Thus 

^2a i C ij = ^2b(D € = 0. 



'■j 



Therefore, 



^2 a i C i = ^2 a ' Ci ~ aiC 'j 
i=l i=l ij 

lies in W e . 

The proof of the second inclusion ker O sm £ WW is the same as the proof of the first inclusion 
up to that Lemma ^3].([|) is replaced by Lemma pT3l.(R)- D 

4. Decorated cones and pure fractions 

We next generalize the geometric interpretation of linear relations of simple fractions as subdi- 
vision of cones to the fractions with multiplicity for the linear forms. For this purpose, we need 
to generalize the notion of smooth cone to smooth decorated cones which involve multiplicity 
encoded in the decoration. 

4.1. Decorated closed cones. 

Definition 4.1. (a) Let C = (vi, * • • , Vk) c be a smooth cone in the first orthant with its (unique) 
primary generating set {vi, • • • , v*} and let S\, •• • ,Sk be in Z>i. We call the monomial 
[vi]* 1 • • • [VkY k a decorated smooth cone, Sy + ■ ■ ■ + s k the weight of the decorated cone 
and (vi, • • • , VkY the underlying geometric cone of the decorated cone which we can also 
denote by [vi] • ■ • [v*]. 

(b) The set of decorated smooth cones is denoted by 2)MC C , regarded as a subset of the 
polynomial algebra Q[{[v] e Q°°}]: 

DMC := iW • • • [v k f k e Q [{[v] e Q°°}] {Vl ' * ' ' ' V ^ Z " is part ° f a basis ° f Z " 
[ Sy, ■ ■ ■ , s k > l 

(c) For i > 1 , define the conical derivation in direction e, to be the linear operator 

Si : QT>MG C -» QVMQ C , SAM 1 ■ ■ ■ [v k ] St ) := J2 S J 0£ Vj)[vi]" ' ' ' ' ' ' \. v k\ n , 

j 

where {e\,e* 2 , • • • } is the dual basis to {ey, e 2 , ■■• }, and (e*, vj) is the pairing between e* and 
Vj. Here QDMC f is the Q-linear span of the set DMC C of smooth decorated closed cones. 
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Remark 4.2. (a) The notion [vi] 11 • • • [vkY k is well-defined since the primitive generating set 
is unique. 

(b) Since we will only consider decorated smooth cones, we will often suppress smooth from 
the notations. 

(c) The term conical derivation is justified because of the following fact. 

Proposition 4.3. Let V := [vi] Sl • • • [VkY k be a decorated smooth cone. 

(a) The operator 5i can be equivalently defined by 

(i) 5,([v]) = (e* ,v)[v] 2 for a smooth vector v e Z", and 

(ii) (Weak Leibniz Rule) If V is the product of decorated cones V\ and V 2 > then 6i(V) = 

<W)V 2 + vmv 2 ). 

(b) Let {v* = J2j c 'j e *j}' be a dual basis to {v,}, in the sense that (v;,v*) = 6^, 1 < i,j < k. 
Define 6 V * = Ylj c ifij- We have 

(19) [v t r • • • M» = __i__*; r . . . . . . . M) . 

Remark 4.4. The product of two decorated smooth cones is not necessarily a decorated smooth 
cones so that we call "weak Leibniz rule" the above product rule which only applies for decorated 
smooth cones that can be factored into a product of two decorated smooth cones. 

Proof. @ Since DMC C is multiplicatively generated by smooth vectors, there is unique operator 
8 satisfying the two conditions. On the other hand, satisfies the first condition by definition. 
Further note that V[ and V 2 must be of the form V\ = [vi] flI • • • [v*]"* and V 2 = [vi] bi • • • [v k ] bt with 
a, + b { = Sj. Then 5 t also satisfies the second condition. Thus 6 and 5i must be the same. 

(Q) This will be proved by induction on m := \s\ — k,Si> 1,1 < i < k,k > 1, with the case m = 
being trivial. Assume that Eq. ( |TP[ ) has been proved for all fractions with m = n > 1 and consider 
a decorated cone [vi] Sl • • • [v^]** with m = n + 1. 

Let s r be the first 5,, 1 < i < m with s, > 1. Then for t r = s r - 1 and t t = s { , i ± r, we have 
\t\-k = n, so that the induction assumption yields 

(20) M " w " = („-!)..'.(,- iA ' • • ■ Ifw • • • w)- 

Let v, and v*, 1 < i, j < k, be defined as in the proposition. Then for the column vectors 
e = (e u --- ,e n ) T ,v = (v u --- ,v k ) T and v* = (v\,--- ,v* k ) T , we have 

v = Ae, v = Ce 

for A = (dij), C = (c u ) 6 M kxn (R). By duality, AC T = I k , that is, ]T" =1 a it c K = 8 ih 1 < i, j < k, 
from which it follows that 

n 

(^([Vi]" • • • [V k f) = ( CrjS^f ■ • • [V k f) 

n n 

= Y, Cr jY, tiai 'j [v ^ ■ ■ - [Vi]t,+1 ■ ■ - [Vk]tk 

7=1 i=l 
n n 

= W'j) [vi]fl • • • [v ' ]f,+1 • • • [vk]tk 

i=i j=\ 
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Combining this with the induction hypothesis in Eq. (|2Q|), we obtain 

[Vlf 1 ■ ■ ■ [V*]* = [Vif • • • [V r ] f ' +1 • • • [V*]* 



1 r <r 1 ---4---4" 1 ([vi]---[v,]) 



1 :Sr l ---6:r\[vi]---[v k ]). 



This completes the induction. □ 

We generalize subdivisions of geometric cones to algebraic subdivisions of decorated cones. 
Definition 4.5. (a) An algebraic subdivision of a smooth cone [vi] • • ■ [vt] is an element 

i 

where {[v (1 ] • • • [v^]},- is a smooth subdivision of the cone (vi, • • • , v*) c in MC C . 
(b) An algebraic subdivision of a decorated smooth cone [vi] Sl • • • [vi c Y k is an element 

4^ Oi - 1)! ■■■(s k - 1)! v > v * 

where {[v,i] • • • [v^]}, is a closed smooth subdivision of the cone [vj • • • [v k ]. We will use 
the notation 

'"i" ■ ■ ■ M " < e („- !)■ .'.(,. ■ ■ ■ <r«*j ' ' ' "*» 

to denote such an algebraic subdivision. 
Example 4.6. From the algebraic subdivision 

[e\][e 2 ] < [ci][ci + e 2 ] + [e 2 ]l>i + e 2 ], 
we obtain the algebraic subdivision 
[ei] 2 [e 2 ] =6 < (lei\{e 2 -\) 
< S^([e{][et + e 2 ] + [e 2 ][e l + e 2 J) = [ei] 2 [ei + e 2 ] + + e 2 f + [e 2 ][ci + e 2 ] 2 . 



4.2. Subdivision of decorated cones and pure fractions. 

Definition 4.7. (a) For a smooth simple fraction . 1 . and s\, ■ • ■ , St > 1, the fraction 1 Sk 

is called a smooth pure fraction. The integer Ym=i s i ls called the degree of the fraction. 
The linear subspace of Q({z„}„>i) spanned by smooth pure fractions is denoted by IFsmCQ)- 

(b) Denote 

Q 

di = ~ : ?sm(Q) -» FsmCQ), «>1- 

(c) Define 

(21) 3> DM := QDMC C -» ? SM (Q), [vi]* 1 ■ ■ ■ [v*]* h> ^ - " 

where w{v\ , v^) is defined in Eq. (|J" 
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The following proposition follows from straightforward computations using Proposition jO] . 

Proposition 4.8. (a) For i e I, we have ®dm ° = <9/ ° ^>dm- 

(b) Let a smooth pure fraction n 1 Sk be given. Let {L* = ^2jCijZ*j}i be dual to {L,}, in the 

sense that (L,-, L*) = 6jj, 1 < i, j < k. Define d L > = ^2 ■ Cijdj. Then we have 

(22) -yj, - = - - 1 - - <&- x ■ ■ ■ or 1 



Lf---Z4* ( Sl -l)\---(s k -l)\ * L * L x ---L k - 

Lemma 4.9. Let {C,}, be a set of decorated closed smooth cones in Q n such that the linear forms 
in every cone span the same linear subspace ofQ" and the underlying geometric cones meet only 
along faces. Then the set {<S>vM(Ci)}i of fractions is linearly independent. 

Proof. We just need to prove that a contradiction follows from any relation 

r 

(23) ^^0^(0 = 

i=i 

with + aj G Q and C, = [v,i] Sil • ■ • [VikY ik closed smooth cones with the conditions in the lemma. 

By Lemma |3T6[, we can assume that for each 1 < i < r, the weight \s t \ = s n + h s ik is the same. 

We next proceed by induction on s := \sj\. So s > k. 

If s = k, then all the edges of the cones have decoration 1 . Then by Lemma |33| we must have 
a, = for any index i, leading to the expected contradiction. Assume that a contradiction arises 



for any relation in Eq. (^3j) with s = n > k and consider such a relation with s = n + 1. In this 
case, at least one edge, say [vi] in some decorated cone, has decoration greater than one. 

Let r\ be the maximal decoration of [vj in all the cones. We split the family of cones into three 
disjoint sets. Let C\, • • • , C m be all the cones with edge [vi] decorated by r\. Let C m+ \, ■ • ■ , C m+ e 
be all the cones, if any, with [vi] decorated by a positive power less than r x . Let C m+e+i , ■ ■ ■ ,C r 
be all the cones, if any, that do not contain [vj in their spanning set. Then 

r m m+i r 

L Vl ^ flf^DM(Q) = L Vl ^2 a «'^HM(Ci) + L Vl ^ ai®T>M(Cd + Ly, a&VM(Ci). 

i=\ i=\ i=m+l i=m+(+\ 

For any m+ 1 < i < m+€, the power of 1 /L Vi in L Vl 5>dm(Q) is less than r\ - 1. For m+£+ 1 < i < r, 
1/L V[ does not appear as a linear form of <5dm(Q)- Using the assumption of the proposition, we 
write L V| as a linear combination of the generators L v i , • • ■ , L v ; of Cf. 

Lv] = Q>i\L\i\ + ■ ■ ■ + ai k L Vjk . 

k 



Thus L v . OdmCC,) = V — — ^ — — is a linear combination of fractions that do not contain L v , as 

1 £. J T H T 'J j S lk 1 

7=1 Ljv i\ '"^''ij "'^ik 

r 

a linear form. In summary, each monomial in Yl a iL Vl ^bm(Q) has its power of 1 IL Vl less than 

i=m+ 1 

m 

r\ — 1 so that no such monomial can cancel with any monomial in L Vl a ! Oi, M (C I ). Then from 



!=1 



J2 a@vM(Ci) = and thus L Vl £ afrimiCt) = 0. 

i=l (=1 

In the equality 



Lv, ^2 a&vMiCi) = 0, 



i=i 
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the monomials from decorated cones C\, ■ ■ ■ , C,„ have non-zero coefficients a\, ■ ■ ■ , a m , and the 
weight of each terms in the sum is n, by the induction hypothesis we must have a, ■ = 0, i = 1 , • • • m, 
which yields the expected contradiction. □ 

Let Wvm be the subspace of QT>MQ C spanned by algebraic subdivision of decorated cones in 
DMG C . More precisely, 

WW := Q < U - Ui | U e T)MQ C and E u < is a smooth subdivision of U 

L i i 

Theorem 4.10. The kernel of the linear map Od M : QDMC C — » ^smCQ) is W$m- Thus Od M : 
QDMC C — > UsmCQ) induces a bijective linear map 

O^m : QVMW := QDMCVWdm = ? SM (Q). 



Proof. Any simple fraction in ^smCQ) is an iterated derivation of a pure fraction in S(Q) by 
Proposition [0|.(||) and, by Proposition p~8[([a|), derivations on ^smCQ) are compatible with the 
derivations on Q2)MC C (Q) under O^m- Then the surjectivity of O^m follows from the surjectivity 
of <Dsm in Theorem |3.1U|. Let «,■£/,• be a smooth subdivision of a decorated closed smooth cone 



U. Then by definition, U - aJJi is an iterated derivation of a C - C, where {C,} is a smooth 
subdivision of C. Thus by Proposition [03] (g), $([/ - Y^i aftd = Q>(U)-J2i a&Wi) is an iterated 
derivation of O(C) - £\ O(Q). By Proposition O(C) - £\ O(Q) = 0(C - £\ C,) is zero. 

Hence its iterated derivations are also zero. Thus Wdm £ ker^DM- 

On the other hand, let F be a linear combination of decorated closed cones in T>MC C such that 
the corresponding linear combination / := O(F) 6 ^smCQ) of fractions is zero. As in the proof 
of Theorem p.lOj , by applying Lemma |3?7|, we can assume that / is homogeneous of degree k: 

(24) / = E r /%, - 

where Sn + • ■ ■ + % = £, and the linear forms span the same linear spaces. In other words, 
/ = O(F) where 

r 

F = E —, — - — -^ s " • • • 

w(v n , ■ ■ ■ ,v u ) 

where {v i; } ; -, 1 < i < r span the same linear space in Q". 

Choosing smooth subdivisions of the smooth cones [v;i] • • • [v ie ] as in Lemma |2J| and then 
taking suitable derivations as in Proposition |4.3|.(|b|), we obtain a smooth subdivision YjbijCij of 
[v,i] Sil • • • [vaY" whose underlying geometric cones meet along faces. Then 

E -r- 5 — ■ ■ ■ tor* - E - aibiJ - c i3 



lies in W^m and we can write 

W(v a , • ■ • ,Vtf) 



E f aibii , ^-E^ 
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where D m are distinct decorated smooth cones whose underlying geometric cones meet only at 
faces. Since W^m is in ker we have 

a, 



= M V- rEvii]* 1 ■••[%]* 

» ' vKvii,--- ,v (7 ) 



1=1 



* ( E ? ^ (/ 



',/ 



\ m 



By Lemma |375|, all the coefficients b m are zero. Thus 



E — :Q = E b »> D ™ = °- 



Therefore, 

y — - — [v fl ]' fl • • • [v*]* = y — - — [v fl ]* • • • [v*]* - y — ^ — c, 

w(v n , • • • , v it ) *rf w(vn , • • • , v,f) ^rf w(v n , • • • , v^) 

= E -r— ^ — % ( ^ sn • • • ^ - E b 'J c i 

j^w(v a ,--- ,v u ) y j 
lies in W§m and hence Wbm 2 kerOD M . □ 

5. Conical zeta values revisited: double subdivision relations and Shintani zeta values 

The purpose of this section is to revisit conical zeta values using decorated closed cones. We 
provide a closed cone encoding of CZVs as a generalization of the shuffle encoding of MZVs. We 
then apply via ® S m the relation of decorated cones with fractions to give the closed subdivision 
relation of CZVs and further the double subdivision relation of CZVs by combining with the open 
subdivision relation in Section 2. We also consider the relationship between CZVs and Shintani 
zeta values. 

5.1. Closed subdivision relation and shuffle relation. 

5.1.1. Closed cone encoding of CZVs. We now give another encoding of CZVs by decorated 
closed cones. 

Definition 5.1. Let [vi]* 1 • • • [vkY k be a decorated smooth closed cone, 
(a) Define the linearly constrained zeta value (LZV) 

1 



OO CO 



ravif 1 • • • [v,n : = J2 ■ ■ ■ E 



(a\\m.\ + • • • + ci\ r m r ) Sl • ■ ■ (aiAm\ + ■ ■ ■ + ak r m r ) Sk 

m\=\ m r =l 



if the sum is convergent, where V; = Y^j=\ a ij e j> ^ <i <k. 
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(b) Let QDMG C denote the linear subspace of QDMG C spanned by the set DMCq of decorated 
smooth cones [vi]* 1 • • • [Vk\ Sk such that £ c ([vi] SI • • • [v,t] lS1 ) is convergent. 

(c) Define 

C : QDMCq -» R, [ Vi r • • • [v k ] st h> r([vi] Sl • • • [v*]*). 



We refer the reader to Section |53] for the relationship among CZVs, LZVs and Shintani zeta 
values. The following result is immediate from Theorem [4.10 . 



Lemma 5.2. The linear map £ c : QCDMCq — > R is zero on Wx>m H QDMCq. /h particular, let 

[vi]---[v fc ] yj[v,i] • • • [va] 

I 

Z?e a smooth closed subdivision and let 

D := [ Vl r • • • < £ ^.d,,!.^.!), ^- 1 ' • -^avfl] • • • [Vft]) = J2a iDi 

be the corresponding algebraic subdivision of the decorated smooth cone D. Then we have 

( e (D) = ^a i ( c (D i ). 



Such a relation is called a closed subdivision relation. 

Proof. Note that the coefficients a, are all positive from the definition of the decorated division. 
Hence all the terms in the sum of fractions <b SM (D) = a,<D S M(A) are positive. Thus from 
the convergence of '■= ^2 m ... mr > x <D S mCDX we obtain the convergence of C(Dd and the 

equation in the lemma. □ 

5.1.2. Shuffle relations as closed subdivision relations. Now considerthe space QDCJt c spanned 
by the set T>Q^K C of decorated closed Chen cones. Two Chen cones x^i) < ■ ■ < x^® an d 
x T (i) < • • • < x t q) defined by two permutations <x and r as in Section |2]3| can only meet along 



faces where some of the coordinates x^ and x T (j) coincide. Thus by Lemma fO|, the set of Chen 



cones is linearly independent in QDMC C . Thus by Theorem |4.1Q| , the linear isomorphism 
obtained there restricts to a bijection 



where 



"J, 



ch 



•V|, 



1 



■2? 



s,- > 1, 1 < i < k,k > 1 



(zi + • • • + z k y i 

is the space of multiple zeta fractions JTT| ] • We refer the reader to the introduction for some of the 
notations used hereafter. 



On the other hand, recall [jT_5|, [T8|] the vector space 

•Kf :=Ql®Q{x i Q , - l x l ---x%- l x l eQ(x ,xi) s t > l,k> l}, 

equipped with the shuffle product in. See also [[TTJ] where it is denoted by 'K^ixo, #i) and [[Tip 
where it is denoted by !K>j and is shown to be the free nonunitary Rota-Baxter algebra of weight 
zero on one generator. Then the linear map 



f : _> % h (Q), x s Q l - l Xl ■ ■■x^'x l h> f P 



■■ ,Zk 
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in [ ]TT| , Theorem 2.1] together with the obvious bijection 

6 : -> QDCJC", Xq 1_1 Xi • • • Xo t_1 JCi h> [ci + • • • + g*]* 1 • • • [e k ] Sk 
gives the commutative diagram 



(25) JC m QT>eW 




of linear maps. Thus f is a bijection since 6 and O cA are. 

The shuffle product of the two multiple zeta fractions is induced by f [JTT]]. More precisely, if 
the shuffle product in CK™ is given by 

.v i — 1 .v^ — 1 s k +{ — 1 Sk+t~ 1 \ * iv 

X[ ■ • ■ Xq X\ III Xq X\ • • • Xq Xl — ^7 ^ G" j 



,-1 SL--1 »*+/-! W, 

then 

f rf 1 *"* *f*i m f r'r 1 **" := V. <*v, ,-i fw. 

Ip Xl-X K XLXg**' Il-Ifl H 



The shuffle product of two MZVs £(s\, • • • , ^) and g(s k+ i , • • • , sw) is determined by the shuffle 
product of their corresponding multiple zeta fractions 

fr ff i'"" • = : an( j i [■**+!»••• ■ s *+fn ._ 1 

,L *'-'* J ' (zi + --- + zt)«---z? n zu---,z k+f ^- (Zk+1 + ... + Zk+e y k+1 ... z £f 

On the other hand, the decorated cone 

[e 1 + ... + e k T ■ ■ ■ [e k ] Sk [e k+ i +■■■ + e k+t \ SM ■ ■ ■ [%] !w 

is uniquely written as a linear combination of Chen cones 

a U l +---+e k Yl--\e k YkXe M +---+e k+t YM--\e k+t YM C - 

Indeed the inclusion/exclusion principle partitions the domain 

P u := {xj > • • • > x k > 0} X [x k+1 > ■ ■ ■> x k+e > 0} 

as follows 

P k ,e = J] P '> 

where S k ,e is the set of (k, ^)-shuffles and the domain P a is defined by: 

Pa = {Oi, ■ • • , x fe+ ^) Xo- (m) > x^ if m > p and <x(m) £ cr(p)| . 

So we have 

[et + ■ ■ ■ + e k ] ■ ■ ■ [e k ][e M +■■■ + e k+€ ] ■ ■ ■ [e k+i \ = l>o-(i) + • • • + e a{M) } ■ ■ ■ [e^+o] mod W SM - 

a-eS k .r 

The very definition of subdivisions of decorated cones then yields 
[e l + ... + e k r ■ ■ ■ [e k ] s *[e k+ i +••• + e M Y M ■ • ■ [e M ] Sk+e 
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1 rr-D^l y ■ ■ ■ D S J£ 1 [e^i) + ■■■ + ecr {M) ] ■ ■ ■ [e a(k+€) ] mod WW- 



By means of the map O c/l , this gives rise to another way of writing f [ ,s *] in f[ ' Sk+e ] 

Z\ t 5 Zk Zl t 5 Zfc+£ 

as a sum of other multiple zeta fractions. The multiple zeta fractions are linearly independent as 
a consequence, for instance, of the bijectivity of O c/l . Thus the two linear combinations must be 
the same. More precisely, 

w _ 0(w) 

Hence we have the following 

Theorem 5.3. The shuffle relation of multiple zeta fractions and hence ofMZVs corresponds via 
C /, to the subdivision relations of decorated Chen cones. Equivalently, the shuffle product in the 
shuffle algebra 'K^ corresponds via in Diagram ( |Z5| ) to the subdivision relation of decorated 
closed Chen cones. 

5.2. Double subdivision relations and double shuffle relations. We now put the open subdivi- 
sion relation and closed subdivision relation together to form the double subdivision relation for 
CZVs that generalizes the double shuffle relation for MZVs. 

In order to relate the open and closed subdivision relations, we first relate the open and closed 
decorated cones. We show that they are essentially the transpose of each other. 

Definition 5.4. (a) Let 0(Z) denote the set of r x r orthonormal matrices. Let M e 0(Z) 
and s := (si, . . . , s r ) 6 Z> . Let vi, • * ■ ,v r and «!,••■ , u r be the row and column vectors 
of M. The (decorated) cone pair associated with M and s is the pair (C,D) consisting 
of the decorated open cone C := C M j = ■ • • , u r )°, s) and the decorated closed cone 
D := D M j = [viY 1 ■ ■ • [v r ] Sr . We call the pair convergent if the corresponding ^"-values 
£°(C) and C(D) converge, 
(b) Let DTCP denote the set of cone pairs {C M ,s, D M j) where M e 0(Z) and se Z> . Let 

p° : QI>e 

and 

p c : QDT1P ^ QDMC f 
denote the natural projections. 

Remark 5.5. (a) Let / = {?!,••• , i k } c [r] be the support of s, namely / := {/ 6 {1, • • • , r} | s { 4- 
0}.Then[vi] ,1 ---[v r ]" = [v /l ]"i---[v <t ] , %. 

(b) By definition, for a cone pair (C, D), the vectors in C are the column vectors of a matrix 
whose row vectors are the vectors in D. Thus C can be regarded as a transpose of D and 
will be denoted by D T even though such a C is not unique for a given D. For example, 
for the decorated closed cone D := [ei] 2 [ei + e{\ = [e\ + e2][ei] 2 , we can choose D T = 
«ci + e 2 , e 2 )°; 2, 1) or D T = {{e, + e 2 , ej) ; 1,2). 

r 

(c) The central objects of study in this article are open convex cones C = Yl K»o v i spanned by 

vectors v ; e Z| , 1 < i < r. Whereas the order of the vectors does not play a role for zeta 
functions associated with cones, whether open or closed, it implicitly does when bringing 
them together to prove double shuffle relations. We chose to adopt a geometric approach 
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putting geometric cones in the forefront when ignoring the order of the generating vec- 
tors. Another possible and more algebraic focus would be to start off from framed cones, 
namely cones together with an ordered set of generating vectors, a point of view we intend 
to explore in a forthcoming paper. 

Lemma 5.6. (a) The map p c is surjective. In other words, for any D 6 DMC C , there is a 
decorated open cone D T such that (D T , D) is a cone pair. 
(b) For any cone pair (C, D) e V7T, ifCeT>e° orDe DMCq, then we have 



(c) Any LZV is a CZV. 

Remark 5.7. Even though a given decorated closed cone D can have multiple decorated open 
cones C such that (C, D) is a cone pair, by Lemma |5l].(|§), these decorated open cones give the 
same CZV. 

Proof. @LetD := [v\Y l ■ ■ ■ [v k Y k be in T>MQ C . Thenvi,--- ,v*ispartof aZbasisvi, • • • ,v k ,--- ,v, 
of Z> . Let M e O rXr (Z) be the matrix with vi, • • • , v r as row vectors and let s\, ■ ■ ■ ,s r e Z>o with 
jjfc+i = • • • = s r = 0. Then C = «Vi, • • • ,v r ), s\, ■ ■ ■ , s r )) and D = [v\Y' • • • [vkY k build a cone pair 
so that [vi]' Vl • • • [vkY k lies in im p c . 

(0) Let C = {{u\, • • • , u r )°; s\, ■ • ■ , s r ) with Uj = Ym=i a ij e u 1 < i < r, then 

n\e\ + • • ■ + n r e r = m,\U\ + ■ ■ ■ m r u r = I a^rtii J ej. 

7=1 \i=l / 

Thus C n Z> c {(mi, ■ • ■ ,m^) ||m,- > 1, 1 < i < k}. Since the matrix (a, ; ) lies in O rxr (Z), the 
inclusion in the other direction also holds. Thus 



c r nz 



, n,---n k 

neC r nZ* 1 * 

1 



mi> ..., mr > 1 (EU c nm^---(E[ = iQrm^ 

(§) follows from Item @ and Item (^). □ 

Let T>TT be the set of convergent cone pairs (C, D), i.e., with either f°(A) or ^'(5) conver- 
gent. On the grounds of the above lemma, we have restricted maps: 

and 

with p c surjective. Here the subscript stands for the restriction to the set of cones for which the 
corresponding conical ^"-values converge. 

Thanks to Lemma |51| we obtain a linear map 

(26) C : Q2)MCo -> QGZV°, D i-» ^(D) = £°(C), 



where (C, D) is a cone pair. The following result is immediate from Theorem H-.1Q . 
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Theorem 5.8. Let (C, D) be a convergent cone pair. Let {C,}, be an open subdivision of the 
decorated open cone C and let J2j c jDj be a subdivision of the decorated closed cone D. Also let 
D T j e DC° be the transpose cone ofD\ that is, CDj , Dj) is a cone pair. Then 



(27) 



lies in the kernel of 

A linear combination in Eq. ( ]2"7| ) is called a double subdivision relation and we shall see that 
it generalizes the usual double shuffle relation. 



Proof. By Lemma [277|, for the open subdivision {C,}, of the decorated open cone C, we have 

(28) r(o = l]r(Q- 



On the other hand, for the closed subdivision J2j a j^j °f me decorated closed cone D, by 
Lemma 15721, we have 



(29) 



Then by Lemma |575|.(p|), there are open decorated cones D T , such that (Dj, Dj) is in DTJV Further 
by Lemma |575|.(p|), we also have C(D) = <T°(0 an d £ c (Dj) = Therefore combining with 

Eqs. @ and Q we obtain 



as needed. 



□ 



In summary, we have the following commutative diagram where the subscript stands for re- 
stricting to cones of which the corresponding zeta values are convergent. The inner triangle gives 
the double shuffle relation. There CKq is the quasi-shuffle algebra defined in Eq. @. The left part 
of the diagram is from Eq. (|12|). The commutativity of the outer triangle follows from Lemma |5T6|. 
The map £ m is the usual shuffle encoding of MZVs, here expressed as the composition of 6 with 
the free summation : 

' (mi + • • • + mi) 1 ■ • • m t 
The map T is well-defined on QT>CK C from the standard form of Chen cones: 



T([eo-(i) + • • • + e a -( n )]' u ■ ■ ■ [eo-( n )]' s ") - ((e^i), • • • , e<r(i) + • • • + e^j) ; s\, • * ■ , 
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(30) 



QDG° 




In Corollary |5.20| we will prove the surjectivity of g° and <f c , as in the case of MZVs. 



Definition 5.9. For any not necessarily convergent cone pair (C, D), let {C ; } be a subdivision of C 
and J2j ®jDj a subdivision of D. If C, - Y2j a 'p T j 1S m Q^MCq, then it is called an extended 
double subdivision relation. 

Conjecture 5.10. The kernel of g° is the subspace Ieds of Q2)MC° generated by the extended 
double subdivision relations. 

In view of the Double Shuffle Conjecture for MZVs, we also make the following 

Conjecture 5.11. The intersection I EDS n QT>CK , identified with a subset of CKq by the bijection 
QDG!K -> JQj, is the extended double shuffle ideal I EDS of 5Q. 

Verifying this conjecture would provide evidence for the Double Shuffle Conjecture. 

5.2.1. Examples. We demonstrate the utility of double subdivision relations by some examples. 
The first example illustrates how the double shuffle relation of MZVs can be obtained when 
subdivisions of open and closed cones are used in place of quasi- shuffles and shuffles. 

Example 5.12. Consider the cone pair (C, D) associated with M = I 2X 2 e 2X 2(Z) and s = (2, 2). 
Then C = ((^1,^2)°! 2, 2) and D = [ei] 2 [e 2 ] 2 . From the open subdivision 

(ei,e z )° = {e x ,e x + e 2 )° U (e 2 , e x + e 2 )° U (e x + e 2 )°, 

we obtain 

f(2)f(2) = ?i(eue 2 )°;2,2) 

= £°((e 1 ,e 1 + e 2 )°- 2, 2) + C\(e 2 , e x + e 2 )°; 2, 2) + ?(( ei + e 2 )°; 2, 2) 
= 2^(2, 2) + ^(4), 

giving the quasi-shuffle relation for £(2)£(2). 
On the other hand, we have 

r([^i] 2 [e 2 ] 2 ) = a2)£(2). 
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Differentiating the subdivision 

[ei][e 2 ] < [ei][ei + e 2 ] + [e 2 ][e x + e 2 ] 

we have the decorated subdivision 

[eifieif < [e x ] 2 [e x + e 2 f + 2[e x ][e x + e 2 f + 2[e 2 ][e x + e 2 f + [e 2 ] 2 [e x + e 2 f. 

Applying £ c we obtain the shuffle relation 

f(2)£(2) = 4£(3,l) + 2£(2,2). 

Altogether, we recover the double shuffle relation £(4) = 4£(3, 1). 

The next example provides an alternative way to apply the double subdivision relation to get a 
double shuffle relation of MZVs, that bypasses the stuffle and shuffle products in that there is no 
presence of products of MZVs. Compare with the previous example. 

Example 5.13. Consider the cone pair (({e x , e x + e 2 )°; 2, 2), [e x + e 2 ] 2 [e 2 ] 2 ) associated with the 



matrix 



( * | ^ and s = (2, 2). The open cone subdivision 



(ei,ei + e 2 )° = {e u 2e x + e 2 )° U (2e x + e 2 , e x + e 2 )° U (2e x + e 2 )° 
gives the following subdivision ofthe decorated open cone 

(31) {{e u ei + e 2 )°; 2, 2) < {{e x , 2e x + e 2 )°; 2, 2) + {(2e x + e 2 , e x + e 2 )°; 2, 2) + {{2e x + e 2 )°; 2, 2). 

On the other hand, the closed cone subdivision [e x + e 2 ][e 2 ] < [e x + e 2 ][ei + 2e 2 ] + [e x + 2e 2 ][e 2 ] 
induces the following subdivision of the decorated closed cone 

Ye\ + e 2 ] 2 [e 2 ] 2 < [e x + e 2 ] 2 [e x + 2e 2 ] 2 + 2[e x + e 2 ][e x + 2e 2 f + [e 2 ] 2 [e x + 2e 2 f + 2[e 2 ][e l + 2e 2 f. 
Taking the transposes of the right hand side we have 

((e 1 +e 2 ,2 ei + e2 ) ;2,2) + 2«e 1 + e2 ,2 ei + e2 ) ;3,l) + ((e 1 ,2e 1 +e 2 ) ;2,2) + 2«e 1 ,2e 1 + e2 ) ;3,l). 



Combining with Eq. ( |31| ) we obtain the double subdivision relation 



«2ei + e 2 )°; 2, 2) - 2{{e x + e 2 , 2e x + e 2 )°; 3, 1) - 2((e x ,2e x + e 2 )°; 3, 1). 



Then by Theorem p.8[ ), we have 



C\(2e x + e 2 )°; 2,2) = 2C\(e x + e 2 ,2e x + e 2 )°; 3, 1) + 2C{{e x ,2e x + e 2 )°; 3, 1). 

Since <T«2ei + e 2 )°, (2, 2)) = J#4) and 

C\(e x + e 2 , 2e x + e 2 )°; 3, 1) + C>({e x ,2e x + e 2 )°; 3, 1) 
= C>{(e x ,e x + e 2 )°; 3, 1) - C((2e x + e 2 )°; 3, 1) 
= £(3,1) -<T(4), 

we derive the formula £(4) = 4£(3, 1) in a way that differs from the double shuffle approach. 

The next example shows that double subdivision relations can give relations between MZVs 
and CZVs. 



30 LI GUO, SYLVIE PAYCHA, AND BIN ZHANG 

Example 5.14. We give a double subdivision relation of the cone pair 

(((e l ,e l + e 2 )°;2,l),[e 1 +e 2 ] 2 [e 2 ]). 
An subdivision of the open cone (e\, e\ + e 2 )° yields 

(32) ((e u e 1 + e 2 )°; 2, 1) < {{e u 2e x + e 2 )°; 2, 1) + {{2e x + e 2 , e x + e 2 )°; 2, 1) + {{2e x + e 2 )°; 2, 1). 
On the other hand, we deduce from the subdivision 

[e\ + e 2 ][e 2 ] < [e y + 2e 2 ][e 2 ] + [e l + e 2 ][ei + 2e 2 ] 
the following subdivision for the decorated closed cone [e\ + e 2 ] 2 [e 2 ] 

[ei + e 2 ] 2 [e 2 ] < [e { + 2e 2 ] 2 [e 2 ] + [e { + e 2 ] 2 [e { + 2e 2 ] + [e x + 2e 2 ] 2 [e l + e 2 ]. 
Taking the transposes we get 

«<?!,2ei + e 2 )°; 2, 1) + {{e x + e 2 , e x + 2e 2 )°; 2, 1) + « ei + e 2 , 2e x + e 2 )°; 2, 1). 



Combining with Eq. < p2\ ) we obtain the double subdivision relation 

«2ei + e 2 )°; 2, 1) - {(e x + e 2 , e x + 2e 2 )°; 2, 1). 



By Theorem pT8| , we have 

r«2ei + e 2 )°- 2, 1) = C'((e l + e 2 , e x + 2e 2 )"; 2, 1). 

Noting that £\Q.e\ + e 2 )°, (2, 1)) = |^(3). Then we obtain the following analog of the Euler sum 
formula. 

£(3) = 4Z ((e l +e 2 ,e 1 +2e 2 ) ;2,l). 

5.3. Conical zeta values and Shintani zeta values. We show that CZVs span the same space as 
the space of Shintani zeta values. 

5.3.1. Fractions and smooth fractions. 

Proposition 5.15. (a) Any fraction of the form Sl 1 < k where L\, ■ ■ ■ ,Lk are linear forms in 

K[z\ is a linear combination of pure fractions. 
(b) Any fraction of the form n 1 Sk where L\, ■ ■ ■ ,L k are linear forms in K[z] with non- 

negative coefficients is a positive linear combination of pure fractions whose linear forms 
have positive non-negative coefficients. 

Proof. @ By the unique factorization in K[z], we can uniquely write such a fraction as / = 
n a Sk , where the L ( 's are not multiples of one another. We then denote d := d(f) = k — 

rk{L u --- ,L k }. 

We prove Item @ by induction on d. If d = 0, then L\, ■ ■ ■ ,L k are already linearly independent 
and we are done. 

Suppose Item @ has been proved for all fractions with d = m > and consider a fraction / 
with d = m + 1. Then d > and k > rk{L l5 • • • ,L k }. Thus there is a linearly independent subset 
L h , ■ ■ ■ , L k of {Li, • • • , L k } and L iM <$. {L h , ■ ■ ■ ,L k ) such that 

e 

(33) L iM = a J L ip a J *0,l<j<€. 

7=1 
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Since the linear forms L, are not multiples of one another, we have I > 2. Thus 
(34) - = ^ = V - 



where L,-. indicates that the factor L,. is absent. Implementing this procedure reduces the total 
degree of L„ , • • • , L i( by one. An iteration of this substitution procedure inside /, terminates after 
finitely many times, when exactly one of the L;.'s (1 < j < £) disappears. 



Each term in the resulting sum is of the form g := — — J-r- — ^, 1 < j < i- Hence the linear 



'i '.; •k 



forms are still not multiples of one another. Furthermore, by Eq. (|33|), we have 
±{L h , ■ • • , L k ] = rk{L ; - L i( , L iM } = {, \<j<t. 

Hence 

rk{L l5 ■ • • ,L k ) = rk ({L u L )t }\{L ! -.}) , 1 < j < €. 

Thus 

d(g) =k-l-rk ({Li, L k }\{L t .}) =k-l- rkjLj ,■•■,!*} = - 1 = m. 

It follows from the induction hypothesis,that each term g in the resulting sum is a linear combi- 
nation of pure fractions. Then the same is true for / itself. This completes the induction. 

(|b|) For / in Item (0) define d(f) in the same way. We prove the statement by induction on d. 
If d = 0, then L\ , • • • , Lk are already linearly independent and we are done. 

Suppose the proposition has been proved for all fractions with d = m > and consider a 
fraction / = M 1 s k with d = m + 1. Define 

:=irmJp e Z> 



3 linearly independent L iy , • • • L !f and L ; $ {L i{ , • • • , L, f } such that 
Lj = J2j=i c jLij, with Cj ± 0, 1 < j < £ and p of which being negative 

We will prove Item (0) for / with d = m + 1 by induction on 5(f) > 0. Since the linear forms L, 
are not multiples of one another, we have I > 2. If = 0, then there is a linearly independent 
set {Ljj, • • • ,L,J and L !f+1 not in this set such that L i(+l = Yl)=\ a jLij with positive coefficients. 
Then following the substitutions in Item (|a|), we find that / is linear combination of fractions of 
the form g := — — ^ — 1 < j < £■ Since all the a/s are positive, the coefficients of this linear 

combination is also positive. Further as in the proof of Item @, by the induction hypothesis, each 
term g is a linear combination, with positive coefficients, of pure fractions whose linear forms 
have positive coefficients. Thus / is also such a linear combination. This completes the induction 
on d in the case when 6(f) = 0. 

Suppose the induction on d is proved when 5(f) = q > and consider a fraction / = 



1 r s k 



LV-L 



with 5(f) = q + 1 . Let {L,-, , • • • , L i( } be independent and L i(+l £ {L,-, , • • • , L i{ } such that Eq. ( |33| ) 
holds with q + 1 negative coefficients. Reordering the linear forms if necessary, we can assume 
a\ < 0. Applying 



1 1 -fli 



Li l L i(+l L i .(-a\L il + Lj M ) (-a\L i{ + L i[+{ ) 
we obtain 

1 = a J h y> ^ 
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with non-negative a, andyS/s. Hence 
(35) -~s[ tit 

Z>j • • • L 



■k 



= y — — — +y 



If -a l L il + L ie+l is a multiple of an Lj (this can happen for example when I = 2), then since 
both -a\Li { + Lj M and L ; are linear forms with positive coefficients, this multiple must also be 
positive. Thus in the above two sums, we can replace the power of Lj by that of -a\L i{ + L i[+1 and 
still get a linear combination of positive coefficients. Thus we can assume that the linear forms 



in each term g of the two sums in Eq. ([35]) are not multiples of one another. Then the relation 
-a\L iy = Yl)=2 a jLij m S shows that 5(g) < q and hence the induction hypothesis on 6(g) applies 
and expresses g as a positive linear combination prescribed in Item (^). Since the coefficients 



in Eq. (35) are positive, / also has the desired positive linear combination. This completes the 



induction for 6(f) and hence for d. □ 

5.3.2. Conical zeta values and Shintani zeta values. Recall that for a matrix M = (c,- 7 ) e M kxr (Z> ), 
a Shintani zeta value (SZV) is the special value of the Shintani zeta function [122] 



co co ^ 

(36) aM;s u --- ,s k ) = Y,-"12? 1 7 ^ 7 7 7 7? 

^ ^ (c xx m x + ■■■ + c lr m r ) Si ■ ■ ■ (c kx m x + ■■■ + c kr m r ) s " 

m\ = \ m r =l 

at (s x , ■ • ■ , st) e Z* if the sum converges. 

Proposition 5.16. (a) Let C = (v x , ■ • ■ , v r ) be a smooth cone and let M := M c be the matrix 
with the spanning set {v x , ■ ■ ■ , v r ] ofC as column vectors. Then 

C'(C;s i ,---,s k ) = aM;s l ,---,s k ). 



(b) Any CZV is a linear combination of Shintani zeta values. 

Proof. @ Since C = (vi, • • • ,v r )° is a smooth cone generated by primary set {vi, • • • , v r }, the 
set can be expanded to a Z-basis {vi, • • • , v^} of Z*. Write v,- = Y^j=\ c ij e i^ 1 - 1 - Then 
(Cjj) e M kxk (Z> Q ) has determinant 1. Then from Ym=i n i e i = Yfj=i m i v i = Y^!j=i m < v ' where m ; = 



for r + 1 < z < fc, we have 
and hence 



(«!,••• ,n k ) T = (cji)(m u --- ,m k ) T , 



(mi, • • • ,m k ) T = (cjj) \n x , ■ ■ ■ ,n k ) T . 

Thus we have 

C(C;s u --- ,s k ) = y~ — 



1 



>x (E/=i camd" 1 ■ ■ • (E/=i c ik mi)^ 



mi,- - ,mt>\ 

£(M; s x ,--- ,s k ). 
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(§) Since any rational cone C can be subdivided into smooth cones {C x , • • • ,C P } by Proposi- 
tion [221 , we have 

p 

C(C; si,---, s k ) = ^2 C(Q'> *i. ' ' ' . 

(=i 

hence is a linear combination of SZVs. □ 

Definition 5.17. A matrix M = (c, ; ) e M kxn (Z>o) is of maximal rank if the rank of the matrix is 
k. The corresponding SZV will be called a maximal rank SZV. 

Lemma 5.18. (a) A convergent SZV is a Q-linear combination of convergent maximal rank 
SZVs. 

(b) Any convergent maximal rank SZV is a Q-linear combination of convergent LZVs. 



Proof @ For M = (c ) e M kxn (Z> ), 
£(M; s x , - ■ ■ ,Sk) =J2 



(c xx m x + ■■• + c Xn m n )^ • • • (c kx m x + ■■■ + c kn m^ 

mi,--- ,m n >{) 



By Proposition 5.15.(p), the fraction -, t^-. ^- is a positive linear combina- 

J r 1 IW (ci [ m l +-+c ln m n yi-(c k[ m l +-+c k „m n ) s k f 

tion of fractions in which the linear forms are linearly independent and have positive coefficients. 
Since £(M; s\, • ■ ■ , s k ) is convergent, all these fractions give rise to convergent SZVs, leading to 
the desired linear combination. 

(g) For M = (cij) 6 M kxn (Z> ) with maximal rank, i.e. rank(M) = k, we know that the cone 
spanned by vectors Vi = (en, • • • ci„), • • • ,v k = (c k i, • • • c kn ) can be subdivided into smooth cones 
Ci = [v\ ] • ■ ■ [v k } ], vf = (Cj{, ■ ■ ■ , cf n ), i = 1, • • • , /, so we have subdivision relations, 

1 v- a,, 

(cnmi + ■ • ■ + c ln m n ) ■ ■ ■ (c kx m x + ■■■ + c kn m n ) ^ (c^mi + • ■ • + c ( Xn m n ) ■ ■ ■ (c { kx m x + ■■■ + c kn m n ) 

where the a,'s are positive rational numbers. 

Taking derivatives and applying Proposition yields the conclusion. □ 



Theorem 5.19. Convergent CZVs, LZVs and SZVs span the same linear space over Q. Thus 

QGZV = OLZV = QSZV. 



Proof. By Lemma gTg, we have QSZV c QLZV. By Lemma pT6| we have QLZV c QGZV. By 
Proposition |5T6|.(|b|), we have QCZV c QSZV. □ 

Corollary 5.20. The linear maps £° and £ c are surjective. 
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